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Abstract

In Mathematics, inner product spaces generalize Euclidean vector spaces, in which the inner product is the dot product or scalar
product of Cartesian coordinates. Inner product spaces of infinite dimension are widely used in functional analysis. Inner product
spaces over the field of complex numbers are sometimes referred to as unitary spaces. An inner product is a generalization of the dot
product. In a vector space, it is a way to multiply vectors together, with the result of this multiplication being a scalar. In this paper work
we will discuss about the inner product, its basic concepts necessary for theorem's proof and various theorems based on inner product
spaces on real fields. Further, we modified the theorem of inner product spaces based on the symmetric and positive definite matrix
associated fields real.
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1. INTRODUCTION

In Mathematics, an inner product spaces or, rarely a Hausdorff pre-Hilbert spaces is a zeal vector space or a complex vector space with an
operation called an inner product. The inner product of two vectors in the space is a scalar, often denoted with angle brackets such as in<
a, b > inner product allows formal definition of intuitive Geometric notation, such as length, angle and orthogonality (zero inner product)
of vectors[1,2] . Inner Product Spaces generalize Euclidean vector spaces, in which the inner product is the dot product or scalar product
of cartesian coordinates. Inner Product Spaces of infinite dimensions are widely used in functional analysis. Inner Product Space over the
field of complex numbers are sometimes referred to as unitary spaces. The first usage of the concept of a vector spaces with an inner
product is due to Giuseppe peano in 1889 [3].An inner product naturally induces an associated norm, (denoted |x| and |y| so ,every inner
product is a norm vector space. If this normed space is also complete (that is, a Banach space) then the inner product spaces is a Hilbert
space. If an inner product space H is is not a Hilbert space, it can be extended by completions to a Hilbert space H'. This means that H is a
linear subspace of H',the inner product of H is the restoration of that of H',and H is dense in H' for the topology defined by the norm
[1,4].

Inner Product Spaces

The inner product or dot product of R™ is a function <, > defined as:
<u,v>= a;b; +a,b, +azbs+ ————— +a,b,

Where u = [a;,a,,a3, ... ....ay] |, € R® andv = [by,by, b3, ... .....,b,]T €RP,
The inner product <, >satisfies the following properties:
e Linearity property: < au + bv,w >=a<u,w > +b <v,w >
e  Symmetric property:< u,v > =< v,u >
e  Positive definite property: ueV,<u,u >= 0 and <u,u > = 0 ifandonlyifu = 0.
Then(<, >,v) is Called inner product spaces on R". [5]
Representation of InnerProduct
Let V be an n-dimensional vector space with an inner product < ,>, and let A be the matrix of <, > relative to a basis B. Then for any
vectorsu,v € V,< u,v >= xTAy, where x and y are the coordinate vectors of u and v, respectively, i.e., x = [u]B and y = [V]B. [5,6]

Example 1. For the inner product of R3 defined by < x,y = 2x;y; — %1V, — X1 + 5x,¥,,
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(e, e1) (eyez) _[2 —1]

where x, its matrix relative to the standard basis E = ey, e, isA = [ =
(es,e1) (ezez) -1 5

The inner product can be written as

wn=ray=tenl % JB

2. THEOREM BASED ON INNER PRODUCT SPACES

Theorem 2.1: Let A be a real positive definite matrix. Then the function > = xTAy is an inner product d&".[8]
Proof:

Suppose A is positive definite matrix

Then we have to show that < x,y > = xTAy is an inner product on R"

First of all, note that we can write < x,y > = xTAy = x. (Ay)

Where the “dot” is the dot product of R®

Thus, < x,y > is a real number.

We verify three properties of an inner product

Also, since we know that ‘the dot product is commutative’.

We have:- < x,y > = x. (Ay)

Or< x,y > = (Ay).x = (Ay)Tx [ since, dot product is commutative and real number]
Or <x,y>= yTATx = yTAx [by properties of transpose, A is symmetric |
Or < x,y >=<y,x > [ by definition of theorem ]

Where, x ,y eV (vectorspace).

Thus the function<x, y> is symmetric.

And, for all x,y,z€eV then < x + y,z > = (x + y)TAz

Or <x+yz>=x"+y")Az [using definition of theorem |
Or <x+y,z>=XTAz+yTAZ

Or< x+ 7y >=<x,2z>+<y,z > [by definition of theorem|]
Thus,the <X, y > is linear

Also,if x is non-zero vector in R®then we have: < x,x >=xTAx> 0
Since, A is positive definite matrix then A can never zero

Also we have :< 0,0 >= 0TA0 =0

Thus,< u,u >=0iffu=0

Then we get < x,y > is pogitive definite matrix

Hence, the function < x,y > = xTAy is an inner product on R".

Proof of the Theorem 2.1 by an example [9]
Suppose A = In X n be nxn order identity matrix, it all diagonal entries are positive and thedeterminant is positive so A is positive
definite matrix where,

u = (xq1,%5, X3 , X, ) Tcolumns spaces belongs to Rn

And v = (y1,Y2,Y3,— — —, Yn)T columnspacesbelongstoRn
And w = (w3, w,,ws,— — —,W,) column spaces belongs to Rn

Linear property: < u + w,v >= (u + w)Av [By definition of theorem]

Or <u+ wuv >= [(x,+wy,x, + Wy, x5 +ws, Xn +wW3)TIT In X n(y41,¥2,V3, )T
Or <u+wv>=(x +w,xy, +wyx3 + wy,— — — x, +w)nXn(y,¥2,V35,— — = Y)T
Or <u+wv>=(x + wy,x, + wyxs + ws, n + w,) (1, V2, Vs, y)T
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Or < U+ wv >=xy; + Wy + XV, + Wyy, + X3Y3 + Ways + _ +x, Y, + WpV,
Or Su+wv >=(y; + 2y, +x3y3 +_ +xyn) + (Wi + woy, + weys +  + wiyy)
Or, <u+wv>=<uv > +< w,v >

Symmetric Property:< z, v > =u74v  [by theorem]

Or <u,v >= {(xq,x5,%3, X )TIT In X n(y4,¥2,¥3,

Or <uv>=(X1,X9,X3, X )X (1,Y2: V30

Or <u, v > = (X1,%;,X3, Xn)(V1, Y2, V3, )7

Or <V >= XY + XY, + X3Y3 + — — — + XY, - (a)
Also <v,u>=vliAu [by def. of theorem]

Or <vu>={(31,Y2Y3 Y )HnXn(xy, X3, X3, X )7
Or <y u>=y1,Y2Y3 Yn)72X (X1, X2, X3, x )7

Or <vu>=31Y2Y3 Yn) (%1, X2, X3, Xn)

Or < VU >= XY + XY, + X3Y3 + — — — + XY, - (b)

Now, from equation (a) and (b) we get:

<uv>=<pyu>

Positive Definite Property: < u,u >= uTAu = 0

If< 0,0 >= 0TInxn0

Or <00>=0
Thus, we say that< w,u >= 0€u = 0

)T
v )7 [by pro. of transpose]

3. MODIFIED THEOREM BASED ON INNER PRODUCT SPACES

Theorem3.1 Let a (real) symmetric matrix A be positive definite then the funiation> = u"(AAT)v is an inner product &¥.

Proof: Supposed; = AAT

Taking transpose in both sides, AT = (AAT)T
OrAT = AT A[since A is symmetric thenAAT = AT A]
OrAT = AAT

OrA;is symmetric matrix — ----------------- 1)

Also, since A is positive definite, then A”is positive definite

Also, product of two positive definite matrices is always positive definite matrix. Thus,
A; = AATis also positive definite matrix ----------------- (ii)

From equation (i) and (ii) we get:

A,is symmetric and positive definite ----------------- (ii)

Now, we have to show that < u,v >= uTA;v is an inner product on Rn
Linear property:Let u, v and w belongs to V then

<u+ wv >= (u+ w)T4,v[by def. Of theorem and using (iii)]

Oor< u + w,v >= (uT + wT)A,v[using pro. Of transpose]

o< u+wv >=ul4v + widw

o<u+wv>=<uv >+< w,v >

Symmetric property: Since < u,v > = u’ A, v [matrix representation]
or< u,v >T= (uT4,v)7 [taking transpose in both sides ]
Oor<u,v >= vTA,;T(u")T[by pro. of transpose]

Or< u,v >= vTA;u [using (i), since WT)T=u ]

Or< u,v >=< v,u >[by def. of theorem]
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Positive definite property: Since <u,u>= uT4;u =0

If< 0,0 > = 0T A,0[by def. of property]

Or < 0,0 > = 0 [since, Al is positive definite then Alis not equal to zero]
o< uu>=0cu=0

Proof of the Theorem(3.1) by an example

Let A= [(2) g] [Symmetric and positive definite matrix]
Or AT = [(2) g] [Symmetric and positive definite matrix]
Or A+ AT = [(2) (3)]+ [(2) (3)]
r_[4 O . o . .
Or A+ A" = [ 0 6] [Symmetric and positive definite matrix]
_4 0
Also, suppose 4, = [0 6] ----------------- (a)

Now, we have to show that(u, v) = uTA,v is also an inner product on R?

For this, we take
u= [(1)] inR?, v = [g] inR2 and w = [_11] in R2, whereR? is 2-dimensional Buclidean Space

Linearproperty:< u + w,v >= (u + w)TA,v[by def. Of theorem and using (a)]

—_ T —
or I (13 ) A 4 S () B P 14
or wwor=()[5 Bl=t0 uf3 EI)
or (+wv)=l0 6l[)]=00+62
Or U+ w,v) =12 - (b)
Now (u, v) = uTA,v[by def. of theorem]

T
or w o =(]) [y ollzl=1r g gl[;]
Or  v)=1[4 0] [g] =4.0+02
Or (U, V) =0 - (c)
Now {w, v) = wT A,v[by def. of theorem]
4T

or w o= [5 o= 1fs o]
Or (w, v)=[-4 6] [(2)] =—-4.0+6.2
Or (W, V) =12 o (d)
From equation (c) and (d) we get
(W, v) + (W, v) = 12 e (e)

Hence, from equation (b) and (e) we get: (u + w,v) = (u, v) + (w, v)

Symmetric property: Since {(u, v) = uTA,v [by def. of theorem]

Or (u, v)=0 [using equation (c)]
Also, (v, u) = vT A u[by def. of theorem]
T
or wu =) 5 ellol=10 2[5 ¢llo]
Or ww=[ 12] [(1)] =0.1+12.0
Or R T) R | — 63)
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From equation (c) and (f) we get, (u,v) = (v,u)
Positive definite property: Since <u,u>= uT4,u > 0

Case (i) if u is not equal to zeroi.e.u # 0

<ww= ()l A61=w ol gL

1

Or <uu>=/[4 O][0

] =4.1+0.0

Or <uu>=4>0

Case (ii) if u is equal to zeroi.e. u = 0

<uns=<anz=on=(i)' Ty ]

Or <uu>=1[0 0][3 2”8]=[0 0][8]
Or <uu>=00+00=0
Thus, we get <uu>=0u=0

4. RESULT& DISCUSSION

An inner product space (V,(,)) is a vector space V over F together with an inner product: a function (,): V X V — F satisfying the
following properties Vx,y,z € V,1 € F,

Linear: (Ax + y,z) = A{x,z) + (y, 2)

Symmetric: (y, x) = (x,y)

Positive-definite: x = 0 == (x,x) > 0

As we know that a square matrixA = [aij] of nxn order n > 1 is called symmetric matrices if

a;j = aj forallA = AT,

Also, since we know that A be a symmetric matrix i.eA = ATthen A is said to be positive definite matrices if for every non zero vector u
in Rnsuch as < u, Au >= uTAu

When we replace A by A + AT then positive definite matrices becomes< u, (4 + AT)u >=u"(4 + AT)u > 0

Also, we replace A by AATthen positive definite matrices becomes< u, AATu >= uT(44T)u > 0

At first, we take symmetric matrices then it helps us to make positive definite matrices because a positive definite matrix must be
symmetric.

Since, if A be positive definite matrices then the function < u,v >= uTAv is an inner product on Rn.(acc. to the given theorem)

Now, if replace A by (4 + AT) then it is also positive definite matrices and the function< u,v >= uT(4 + AT)v is also inner product
onRn.

Also, we replace A by AATthen it is also positive definite matrices and the function becomes < u,v >= uTAATv is an inner product
onRn.

Because it is easily satisfying the following three properties of an inner product spaces such that:-

Linear property:- < au + bw,v >= a < w,v > +b < w,v >

Symmetric property:—< u,v >=< v,u >

Positive definite property:- < u,u >= 0if < w,u = 0 © u = 0 [ oralluinRn.

So, by considering the above explanation, we conclude that modified theorems is also develop unique concept in the field of inner product

on Rn.
5. CONCLUSION

A matrix representation of n — dimensional vector spaces or columns spaces of Rn then how to show that it is an inner product on Rn and
also it"s modified form is an inner product on Rn.

There is theorem based on the inner product space that is,
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Theorem (2.1) Statement: Let A be a real positive definite matrix. Then the function < x,y > = xT Ayis an inner product onRn.

Which can be modified based on real field for symmetric matrix & Skew symmetric matrix of real field Rnas:

Theorem (3.1) Let a symmetric matrix A be positive definite then the function < u,v > = uT (4AT )vis an inner product on Rn.

Thus, the function< u, v > = uTAvis matrix representation then we converted from A toA + AT in the function, so modified function

becomes< u,v >= uT(A + AT)vwhere, ATis transpose of A

The proof for the modified theorem can be verified and these can be helpful in further development of inner product space.

1]

(9]
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